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Abstract
For a given group  with a generating set A, a dipole with |A| parallel arcs (directed edges)
labeled by elements of A gives rise to a voltage graph whose covering graph, denoted by H (; A)
is a bipartite, regular graph, called a bi-Cayley graph. In the case when  is abelian we refer
to H (; A) as the Haar graph of  with respect to the symbol A. In particular for  cyclic
the above graph is referred to as a cyclic Haar graph. A basic theory of cyclic Haar graphs is
presented. c© 2002 Elsevier Science B.V. All rights reserved.
1. Introduction
All graphs and groups in this paper are assumed to be 3nite. Moreover, all graphs are
undirected unless speci3ed otherwise. Recall that with a given group  and a symmetric
subset A = A−1 of \{id} the Cayley graph Cay (; A) of  with respect to A is
the graph with vertex set  and edges of the form [g; ga], for all g∈ and a ∈ A.
The graph Cay (; A) is a graphical regular representation (GRR) of the group  if
its automorphism group coincides with the left regular representation of . Circulants
are Cayley graphs of cyclic groups. For a positive integer k, the symbol Zk will be
used to denote the ring of integers modulo k as well as the corresponding (additive)
cyclic group of order k. The subset S=−S of Zk is called the symbol of the circulant
Cay (Zk ; S); the alternative notation Cir (k; S) will be used for the latter.
A voltage graph is a graph X (possibly with loops, multiple edges and semi-edges)
together with a mapping  (usually called voltage assignment) of arcs in a group  such
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Fig. 1. Examples of covering graphs. K4 is a Cayley graph Cay (Z4; {1; 2; 3}), K3;3 is a Haar graph
H (Z3; {0; 1; 2}). The Petersen graph is a general bi-Cayley graph since loops are allowed on a dipole;
it is not a Haar graph as it is not bipartite.
that inverse arcs are mapped to inverse group elements and semi-edges are mapped into
involutions. The regular covering graph Y of X has vertex set VY =VX × and edges
of the form [(u; g); (v; g(u;v))] for all edges [u; v] of X and all g ∈  (see [4,10]).
If a subset A = A−1 of \{id} contains x involutions one can view Cay (; A) as
a covering graph over a bouquet of (|A| − x)=2 circles and x semi-edges. In a similar
way, letting A be an arbitrary subset of an abelian group , a dipole D with no loops
and with |A| parallel arcs (from the white to the black vertex) labeled by elements of A
may be viewed as a voltage graph whose regular covering graph, denoted by H (; A)
is a bipartite, regular graph, that we shall refer to as the Haar graph of  with respect
to the symbol A. In particular for  cyclic the above graph will be referred to as a
cyclic Haar graph. In a more general setting, a dipole with the same number of loops
and semi-edges on both poles gives rise to a regular covering graph which is sometimes
referred to as a bi-Cayley graph of  (see Fig. 1); with each vertex being labeled by a
group element and the color (white or black). To simplify our notation, white vertices
and black vertices will be labeled by the symbols g and g′, respectively, where g ∈ .
In particular, in a cyclic Haar graph of the group Zn the vertex set consists of the sets
Zn and {i: i ∈ Zn}. A bicirculant is a bi-Cayley graph of a cyclic group.
The name Haar graph comes from the fact that the Schur norm of the corresponding
adjacency matrix can be easily evaluated via the so-called Haar integral on abelian 
(see [11]). Namely,
||H (; A)||:=(1=||)
∑
∈
∣∣∣∣∣
∑
∈A
!
∣∣∣∣∣ ; (1)
where  is written in the standard form =Zk1×Zk2×· · ·×Zks , with =(1; 2; : : : ; s),
 = (1; 2; : : : ; s), and ! = !
11
1 !
22
2 · · ·!sss , for j; j ∈ Zkj , and each !j being
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the primitive root of unity: !kjj = 1. The use of the same symbol to denote a graph
and its adjacency matrix should cause no confusion.
In the case of cyclic Haar graph H (Zk ; A) the Schur norm formula (1) reduces to
||H (Zk ; A)||:=(1=k)
k−1∑
j=0
|p(!j)|; (2)
where p():=
∑
i∈A 
i =
∑k−1
j=0 aj
j, ! is a primitive root of unity: !k = 1, and
a = (ak−1; ak−2; : : : ; a1; a0) is the characteristic vector of A. Note that n = p(2) is a
positive integer determined by A and n 6 2k − 1. Conversely, every pair of integers
(k; n) with n6 2k−1 de3nes a cyclic Haar graph H (Zk ; A) such that binary expansion
of n de3nes the characteristic vector of A. Hence the notation can be simpli3ed as
follows H (k; n) = H (Zk ; A).
Let k(n)=1+ 	log2 n
 denote the binary length, that is, the number of binary digits
of an integer n. Let b(n) = (bk(n)−1; bk(n)−2; : : : ; b1; b0) denote the binary vector of n
and B(n) = {i ∈ Zk(n)|bi = 1} be the symbol of n. Obviously the cyclic Haar graph
H (k(n); n) depends only on n. We may, therefore, call it the Haar graph of n and
may further simplify our notation by letting H (n) = H (k(n); n).
The fact that the full information about the graph H (n) is encoded in the positive
integer n makes the class of graphs worth investigating, in particular, as the connection
between n and H (n) is natural via the binary representation of n. In Section 2 we show
several examples of cyclic Haar graphs, present some initial facts about their structure
and note that the well-known MAdMam conjecture can be formulated for cyclic Haar
graphs. In Section 3 we study the connection between the properties of cyclic Haar
graphs and the natural numbers describing them. In particular, we are interested in
connected and disconnected cyclic Haar graphs.
Cyclic Haar graphs are interesting as they can be regarded as a generalization of
bipartite circulants. In Section 4 we express cyclic Haar graphs as special Cayley graphs
of dihedral groups and determine the ones that are isomorphic to circulants. We also
prove that each bipartite circulant is isomorphic to a cyclic Haar graph. This result
enables us to give an in3nite sequence of counter-examples to the cyclic Haar graph
analog of the MAdMam conjecture.
Finally, in Section 5, we consider girth in cyclic Haar graphs and brieNy explore
connections between cyclic Haar graphs and geometric con3gurations.
We use a standard graph–theoretic notation: Cn is the cycle on n vertices, Kn, the
complete graph on n vertices, Km;n the complete bipartite graph with one part of size
m and the other of size n, !n is the graph of n-sided prism, and Mn is the M6obius
ladder graph on 2n vertices.
2. Examples of cyclic Haar graphs and an Adam-like conjecture
Some well-known families of graphs contain cyclic Haar graphs. For instance, even
prisms !2n+2 can be obtained as H (7 × 22n−1) ∼= H (22n+1 + 3) and odd MOobius
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ladders M2n+3 are obtained as H (7× 22n) ∼= H (22n+2 +3). This is the best that we can
hope for as odd prisms and even MOobius ladders are not bipartite. Complete bipartite
graphs Kn;n are isomorphic to H (2n − 1) and even cycles C2n+4 are isomorphic to
H (3× 2n) ∼= H (2n+1 + 1).
Let us 3rst establish some useful simple facts about cyclic Haar graphs. The proofs
of the next two propositions are straightforward.
Proposition 2.1. For a positive integer n with symbol B(n) the Haar graph H (n) is
d-regular where d= |B(n)|:
Proposition 2.2. For subsets B ⊆ A of Zk the cyclic Haar graphs H (Zk ; B) is an
induced subgraph of H (Zk ; A).
Clearly, the binary string de3ning a Haar graph can be shifted or even reversed
and the corresponding graphs will remain isomorphic. This means that distinct positive
integers n = m may give rise to isomorphic Haar graphs H (m) and H (n).
Proposition 2.3. Let k be an integer and A ⊆ Zk . For any s ∈ Z∗k ; t ∈ Zk and B ⊆ Zk
such that B= sA+ t the cyclic Haar graphs H (Zk ; A) and H (Zk ; B) are isomorphic.
Proof. The isomorphism is given by the rule i → i and i′ → si′+ t for all i ∈ Zk .
Corollary 2.4. Let k be a positive integer and A a subset of Zk . The cyclic Haar
graph H (Zk ; A) is isomorphic to a Haar graph H (n) of some positive integer n.
Proof. Choose t in Proposition 2.3 in such a way that k ∈ A+ t + 1.
We now de3ne two equivalence relations. Two positive integers m and n are called
Haar-equivalent if and only if the corresponding Haar graphs H (m) and H (n) are
isomorphic. On the other hand, m and n are called cyclically equivalent if and only if
k(m)= k(n)= k and there exist s ∈ Z∗k and t ∈ Zk such that B(n)= sB(m)+ t. Clearly,
cyclic equivalence implies Haar equivalence. The question whether the converse is true
is a ‘bicirculant’ analog of the well-known MAdMam conjecture for circulants. For instance,
the circulants Cay (Z16; {1; 2; 7; 9; 14; 15}) and Cay (Z16; {2; 3; 5; 11; 13; 14}) constitute
a counter-example to the MAdMam conjecture. However, the corresponding Haar graphs
H (Z16; {1; 2; 7; 9; 14; 15}) = H (49 798)
and
H (Z16; {2; 3; 5; 11; 13; 14}) = H (53 336)
are not counter-examples to the bicirculant analogy of the MAdMam conjecture, since both
49 798 and 53 336 are cyclically equivalent to 33 478. In fact, there are exactly 12
numbers cyclically equivalent to 33 478; which happens to be the smallest number in
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Fig. 2. H (37) =T3 and H (137) =T4.
Fig. 3. The MOobius–Kantor graph G(8; 3) = H (133).
its equivalence class. In general, we shall refer to the smallest numbers in the Haar
equivalence classes in question as the canonical numbers.
Combining Proposition 2.3 and Corollary 2.4 we have the following result.
Corollary 2.5. The equivalence class of a positive integer n with respect to the cyclic
equivalence has at most %(k)d elements where % is the Euler function; k the binary
length of n; and d= |B(n)|.
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Fig. 4. The Heawood graph and its bipartite complement H (75).
It is known that the MAdMam conjecture is false in general. At the end of Section 4
we show how to produce in3nitely many integer pairs (n; m) such that n is Haar
equivalent, but not cyclically equivalent, to m; with the smallest known example being
the pair (143 559; 137 331).
We conclude this section with further examples of cyclic Haar graphs. It is of interest
to note that there are exactly six numbers for which the corresponding Haar graph is
isomorphic to the Heawood graph (see Fig. 4). These are 69, 70, 81, 88, 98 and 104.
The MOobius–Kantor graph [5,12,13], that is the generalized Petersen graph G(8; 3) is
isomorphic to H (133) (see Fig. 3). Another interesting graph T4=H (137), depicted in
Fig. 2 and used in our Table 2, belongs to the family of graphsTn=H (22n−1+2n−1+1).
In the next section we study connectivity of cyclic Haar graphs.
3. Connected, periodic, primitive and hamiltonian numbers
In general, a cyclic Haar graph may be disconnected. Let us call a positive integer
connected if its Haar graph is connected. The smallest disconnected positive integer
which is not a power of 2 is 10. Its Haar graph is isomorphic to 2C4. For further
examples, note that H (2k) ∼= (k + 1)K2 for all k. Also, the graphs H (34) and H (40)
are both disconnected and isomorphic to 2C6.
It is possible to classify those positive integers that are disconnected. Let b be a
binary vector of length k and let n(b; m) be the number corresponding to b in base m.
n(b; m) =
k−1∑
i=0
bimi:
Recall that for a given positive integer n, we denote by b(n) the binary vector consisting
of k(n) digits of the binary expansion of n and by B(n) we denote the symbol of n,
that is, the set with the characteristic vector b(n). Let bR(n) denote the reverse of
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b(n) and let BR(n) = {i ∈ {0; 1; : : : ; k(n) − 1}|bRi (n) = bk(n)−i−1(n) = 1}. Further, let
d(n) = gcd{k(n); BR(n)}. We have the following result.
Proposition 3.1. Let n be a positive integer. There exists a unique binary vector b of
length k(n)=d(n) such that
n= 2d(n)−1n(b; 2d(n))
and such that the Haar graph H (n) consists of d(n) disjoint copies of the graph
H (n(b; 2)). Consequently; H (n) is connected if and only if d(n) = 1:
Proof. One only has to check that a vertex i is reachable from a vertex j from the
same bipartition class if and only if j is of the form i+pd(n) for some p. The set of
vertices of a bipartition class containing 0 belongs to the subgroup Zk(n) generated by
B(n)− B(n) which coincides with the subgroup generated by k(n)− 1− B(n) = BR(n)
in view of the fact that k(n)− 1 ∈ B(n).
For example, if n=40, then k=k(40)=6; BR(40)={0; 2}, and d(40)=gcd{6; 0; 2}=2.
Therefore the graph has two components.
A list of all disconnected integers ¡ 100 with their Haar graphs is given in
Table 1.
Corollary 3.2. If k(n); the number of binary digits of n; is prime and n = 2k(n)−1
then H (n) is connected.
Proof. Observe that d(n) equals 1 (unless the graph is of valency 1) and the result
follows.
Table 1
Small disconnected natural numbers and their Haar Graphsa
n = 2d(n)−1n(b; 2d(n))
n b(n) H (n) b d(n)
2 10 2K1;1 1 2
4 100 3K1;1 1 3
8 1000 4K1;1 1 4
10 1010 2K2;2 11 2
16 10 000 5K1;1 1 5
32 100 000 6K1;1 1 6
34 100 010 2C6 101 2
36 100 100 3K2;2 11 3
40 101 000 2C6 110 2
42 101 010 2K3;3 111 2
64 1 000 000 7K1;1 1 7
aFor de3nition of b, see Proposition 3.1.
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Corollary 3.3. If n is odd then H (n) is hamiltonian.
Proof. Since n is odd the 3rst and the last digit of b(n) are both 1 and a cyclic shift
gives rise to two consecutive ones. By Propositions 2.1 and 2.2 they de3ne an induced
subgraph Y of valency 2. By Proposition 3.1, Y is connected and so Y is a Hamilton
cycle in H (n).
Contrary to our 3rst impression, the hamiltonicity problem is not at all easy for Haar
graphs. Number n is called hamiltonian if H (n) is a hamiltonian graph. To simplify
the computer search for small values of n we introduce the concept of periodic and
aperiodic numbers. A positive integer n with its binary vector b(n) is called periodic
if b(n) (or any of its shifts) can be written as a concatenation of p¿ 1 equal binary
strings c of length r. Hence b(n)=(c; c; : : : ; c). The shortest such c is called the period,
r is called the length and p is called the exponent of the period. If b(n) is equal to
its period, then n is called aperiodic.
The following proposition characterizes periodic numbers. Its proof is straight-
forward.
Table 2
The 3rst 25 primitive numbers n and their Haar graphs H (n)
Sl. No. n 2k(n) Girth Valency H (n)
1 1 2 — 1 K2
2 5 6 6 2 C6
3 9 8 8 2 C8
4 11 8 4 3 Q3
5 17 10 10 2 C10
6 19 10 4 3 M5
7 23 10 4 4 Cir (10; {1; 3})
8 33 12 12 2 C12
9 35 12 4 3 K2 × C6
10 37 12 4 3 T3
11 39 12 4 4 Cir (12; {1; 3})
12 43 12 4 4 K2 × K3;3
13 47 12 4 5 K6;6 − 6K2
14 65 14 14 2 C14
15 67 14 4 3 M7
16 69 14 6 3 Heawood
17 71 14 4 4 Cir (14; {1; 3})
18 75 14 4 4 H (75)
19 79 14 4 5 Cir (14; {1; 3; 7})
20 95 14 4 6 K7;7 − 7K2
21 129 16 16 2 C16
22 131 16 4 3 K2 × C8
23 133 16 6 3 G(8; 3)
24 135 16 4 4 Cir (16; {1; 3})
25 137 16 4 3 T4
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Fig. 5. The Watkins zero-symmetric graph H (536 870 930). It can be regarded as a hexagonal tessellation
of torus.
Proposition 3.4. A natural number n is periodic with length r and exponent p if and
only if it can be written in the form n= n0(2pr − 1)=(2r − 1) for some r ¿ 0; p¿ 1;
and 16 n0¡ 2r .
Now we can reduce any natural number to a so-called primitive number. A natural
number n is said to be primitive if it is connected, aperiodic and canonical. To each
natural number n we may associate a unique primitive number -(n) by 3rst selecting the
number n1 corresponding to a connected component of n, we then take n2, the period
of n1, and 3nally, we let -(n) be the canonical representative of the equivalence class
to which n2 belongs. In order to show that connected numbers give rise to hamiltonian
Haar graphs, it one would have to show that all primitive numbers are hamiltonian.
Another reason for considering primitive numbers (and hence primitive cyclic Haar
graphs) is the fact that Schur norms of H (n) and H (-(n)) coincide. The resulting
reduction is indeed substantial. For instance, there are only 85 primitive integers smaller
than 1024 and each of them is cyclically equivalent to an odd number. They are
analyzed in Table 2.
Many primitive numbers were checked by computer. Since each of them turned
out to be equivalent to an odd number, we expected an easy proof for hamiltonicity
of Haar graphs. One has to be careful, since there are even primitive numbers, too.
The smallest example is 534. It gives rise to a 4-valent cyclic Haar graph H (534) on
20 vertices that can be described as a Cartesian graph bundle over the 3ve-cycle C5
with the 3ber C4 (see [15] for the de3nition of graph bundles). However, 534 has
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two consecutive ones in its binary expansion and so is cyclically equivalent to an odd
number, for example 537.
The term zero-symmetric graph has been used for a cubic graph which is a GRR.
The characterization of zero-symmetric Cayley graphs of dihedral groups, that is,
of zero-symmetric cyclic Haar graphs (see Proposition 4.1), was given by Foster
and Powers [7]. In 1974, Watkins found the 3rst zero-symmetric Cayley graph of a
dihedral group whose generating set consists of three irredundant involutions (see [7]).
The corresponding primitive number 536 870 930 has the property that it has no two
consecutive ones in its binary expansion and is not cyclically equivalent to any odd
number. It is the smallest positive integer with this property. Its cubic Haar graph is
depicted in Fig. 5.
4. Cyclic Haar graphs as dihedrants and circulants
For a positive integer k, the dihedral group Dk of order 2k has the following standard
presentation.
Dk = 〈.; /|.k = /2 = (./)2 = 1〉:
In the natural action of Dk on a regular k-gon, . can be viewed as a generator of the
subgroup of rotations and / as one of the reNections. For simplicity reasons a Cayley
graph of Dk will be called a dihedrant with symbol (S; T ) if it has vertices i, i′, where
i ∈ Zk and edges of the form [i; i+ s], [i′; (i+ s)′] and [i; (i+ t)′] for all i ∈ Zk ; s ∈ S;
and t ∈ T . The notation Dih(k; S; T ) will be used in this case. Note that s ∈ S and
t ∈ T correspond, respectively, to the rotation .s and to the reNection .t/.
The following simple proposition characterizes cyclic Haar graphs in terms of Cayley
graphs of dihedral groups.
Proposition 4.1. For a positive integer n with symbol B(n) and binary length k(n) its
Haar graph H (n) is isomorphic to the bipartite dihedrant Dih(k; ∅; B(n)): Conversely;
any dihedrant of the form Dih (k; ∅; T ) is isomorphic to a Haar graph H (n) of some
integer n.
Proof. Given a positive integer n, let k = k(n). Clearly, the graph H (n)=H (Zk ; B(n))
is bipartite with each bipartition set having k vertices. Using the vertex labeling from
the de3nition of H (n) we denote by i the ith white vertex and by i′ the ith black
vertex of H (n). The mapping de3ned by the rule i → .i, i′ → .i/, for all i ∈ Zk , is a
graph isomorphism.
The converse statement is clear since Dih (k; ∅; T ) is isomorphic to H (Zk ; T ) and
the result follows by Corollary 2.4.
As an example, for n=26 we have H (26) ∼= Dih (5; ∅; {0; 1; 3}). (Note that B(26)=
{1; 2; 4}.) Observe that not every bipartite dihedrant is a cyclic Haar graph. For
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Fig. 6. Two drawings of a bipartite non-Haar Cayley graph of a dihedral group D12.
example, Dih (8; {4}; {2; 4; 6}) is isomorphic to the 4-cube Q4 = K2 × K2 × K2 × K2
which is not a cyclic Haar graph. Furthermore, the graph Dih (12; {−1; 1}; {0; 2; 6}),
depicted in Fig. 6, is a bipartite dihedrant that is not isomorphic to any Haar graph
on 24 vertices. In fact, this graph is the smallest member of an in3nite family of such
graphs given in Corollary 4.5 below. Proposition 4.3 below suggests that in order to
construct bipartite dihedrants which are not cyclic Haar graphs, symbols (S; T ), such
that T=−T , are to be avoided. Note that such graphs are also Cayley graphs of abelian
groups Zk ×Z2. Now if Dih (k; S; T ) is bipartite then we may assume with no loss of
generality that S =−S ⊆ 2Zk + 1 and that T is either a subset of 2Zk or a subset of
2Zk + 1, where k is even if S = ∅.
Let us 3rst make the following easy observation which characterizes cyclic Haar
graphs in terms of their automorphism group.
Lemma 4.2. A graph is a cyclic Haar graph if and only if it admits an automorphism
with precisely two orbits of equal size (and no other orbit) which are independent
sets of vertices.
Proposition 4.3. Let k be even and let S =−S and T =−T be non-empty subsets of
Zk such that S ⊆ 2Zk +1; and T ⊆ 2Zk . Then X =Dih (k; S; T ); is isomorphic to the
Haar graph H (Zk ; S ∪ T ).
Proof. Observe that the permutation - mapping according to the rule i → (i + 1)′;
i′ → i+1, for all i ∈ Zk , is an automorphism of X . The two orbits of - are independent
sets of equal cardinality in X and the result follows by Lemma 4.2.
We are now ready to give the above mentioned construction of an in3nite family
of bipartite dihedrants which are not Haar graphs. In fact we construct an in3nite
family of bipartite graphical regular representations of dihedral groups satisfying our
requirements. To this end we choose the symbol (S; T ) in such a way that the edges of
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the form [i; i+1] and [i; (i+t)′] are distinguished by the numbers of 4-cycles containing
them.
Proposition 4.4. Let k be a positive integer and let T ⊆ Z2k be such that every ele-
ment of T is even; no translate T + i of T is symmetric; and the girth of Dih(2k; ∅; T )
is 6. Then the graph X2k = Dih(2k; {1;−1}; T ) is a bipartite GRR of D2k which is
not a cyclic Haar graph.
Proof. Since every element of T is even, it follows that X2k is bipartite. As no translate
of T is symmetric, it follows that |T | ¿ 3. Since by assumption Dih (2k; ∅; T ) has
girth 6, it follows that a 4-cycle in X2k is one of the following three types:
(i) (i; (i + t)′; (i + t + 1)′; i + 1) for all t ∈ T ; or
(ii) (i; i + 1; i + 2; (i + t)′) for t ∈ T ∩ (T − 2);
(iii) (i′; (i + 1)′; (i + 2)′; i − t) for t ∈ T ∩ T − 2.
Let t = |{t − 2; t + 2} ∩ T | and let T = |T ∩ T + 2|. For each t ∈ T it follows
that t 6 T . An edge of the form [i; i + 1] or [i′; (i + 1)′] is contained on |T |+ 2T
cycles of length 4, whereas an edge of the form [i; (i + t)′], t ∈ T is contained in
2+2(t)¡ |T |+2(T ) cycles of length 4. This implies that the orbits {i|i ∈ Z2k} and
{i′|i ∈ Z2k} of the rotation . are blocks of imprimitivity of Aut X2k . But this forces
the automorphism group of X2k to coincide with 〈.; /〉 and so X2k is a GRR of D2k .
Clearly, X2k cannot be isomorphic to any cyclic Haar graph.
Corollary 4.5. For each i ¿ 2 let Ti={0; 2; 6; : : : ; i(i+1)}. Let m=2k be at least 12
if i=2 and at least i(i+3) for i ¿ 3. Then the dihedrant Xm;i =Dih (m; {1;−1}; Ti)
is a bipartite GRR of Dm and is not a cyclic Haar graph.
Proof. The graph X12;2 is isomorphic to our graph Dih (12; {1;−1}; {0; 2; 6}) men-
tioned above and is somewhat special. It needs to be checked separately for the graph
Dih (12; ∅; {0; 2; 6}) does not meet the conditions of Proposition 4.4. It decomposes
into two isomorphic cyclic Haar graphs of girth 4. But it transpires that edges of the
form [i; i′], i∈Zm in X12;2 are contained on more 4-cycles than those of the form
[i; i+1] and [i′; (i+1)′], i ∈ Zm. As for m¿ 12, we have a family of graphs satisfying
the assumptions of Proposition 4.4, giving us the desired result.
Before we turn to the relationship of cyclic Haar graphs and circulants we recall the
following folklore fact about circulants. A circulant Cir (m; S) is connected if and only
if gcd(S ∪ {m}) = 1. In general, if gcd(S ∪ {m}) = d we may write m= dm0; S = dS0
and Cir (m; S) is composed of d copies of Cir (m0; S0). Due to this simple relationship
we may restrict our attention to connected circulants.
Now, determining which circulants are Haar graphs is easy using Lemma 4.2.
Proposition 4.6. A circulant is a cyclic Haar graph if and only if it is bipartite.
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Proof. Without loss of generality we may assume that the graph is connected. Since
Haar graphs are by de3nition bipartite, it suUces to see that every bipartite circulant
is necessarily a cyclic Haar graph. So assume that Cir (m; S) is such a graph. Then
m= 2k is even and S ⊆ Zm consists of odd numbers only. But then the two orbits of
the permutation which maps each i ∈ Zm into i+2 are independent sets of vertices of
Cir (m; S) and, by Lemma 4.2, the result follows.
The theorem below characterizes (indirectly via dihedrants) those connected cyclic
Haar graphs which are circulants.
Theorem 4.7. Let k be a positive integer. A connected dihedrant X = Dih (k; ∅; T );
where T ⊆ Zk ; is a circulant if and only if there exists R ⊆ Zk such that −R=R+1
and X ∼= Dih (k; ∅; R).
Proof. Suppose 3rst that X is isomorphic to Dih (k; ∅; R), where −R=R+1 for some
R ⊆ Zk . De3ne the subset S of Z2k to consist of all numbers of the form 2r + 1,
r ∈ R. We 3rst show that S =−S. To see this let s=2r +1 ∈ S. Then −s=−2r − 1.
By the assumptions on R there exists r′ ∈ R such that −r = r′ + 1 and therefore
−s= 2(r′ + 1)− 1 = 2r′ + 1 ∈ S. Next, to see that Cir (2k; S) ∼= Dih (k; ∅; R) observe
that the desired isomorphism may be de3ned to take 2i ∈ Z2k to the vertex i and
2i + 1 ∈ Z2k to the vertex i′ in Dih (k; ∅; R).
To prove the converse statement, assume that X is isomorphic to the circulant
Cir (2k; S) for some S = −S ⊆ Z2k . Clearly, S consists of odd numbers only, that
is, S ⊆ {2r + 1|r ∈ Zk}. Let R be the subset of Zk such that S = 2R + 1 ⊆ Z2k .
As in the previous paragraph we can show that Cir (2k; S) ∼= Dih (k; ∅; R). It remains
to see that −R = R + 1. Since S = −S we have that for each r ∈ R, the number
−2r − 1 =−2(r + 1) + 1 ∈ S and so −(r + 1) ∈ R and consequently −R= R+ 1.
We say that a positive integer n is a circulant number if the graph H (n) is isomorphic
to a circulant. In view of the above theorem the problem of deciding whether a given
positive integer n is a circulant number or not is equivalent to the problem of deciding
whether n is Haar equivalent to a positive integer m such that −B(m)=B(m)+ 1. For
example, the cube Q3 = H (11) and none of the even prisms !2n is a circulant, while
all odd MOobius ladders M2n+1 are circulants. In both cases T from Theorem 4.7 can be
T = {0; 1; k − 1} but only if k is odd we may 3nd R= {(k − 3)=2; (k − 1)=2; (k +1)=2}
such that −R= R+ 1.
If n has an odd number of ones in the binary expansion and H (n) is a connected
circulant, then k(n) must be necessarily odd. There are no such restrictions for even
k(n) that may give rise to a connected circulant Haar graph. For example, 42=1010102
is a disconnected circulant number since H (42) is composed of two copies of M3 and
is, in turn, isomorphic to Cir (12; {±2; 6}). On the other hand, 45, with h(45)=6, is a
connected, periodic, circulant number since H (45) is isomorphic to Cir (12; {±1;±5}).
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We wrap up this section by giving a construction of an in3nite family of integer
pairs (n; m) such that n is Haar equivalent, but not cyclically equivalent, to m. In
[14, Lemma 5.2] PMalfy gives the following counter-example to the MAdMam conjecture.
For m¿ 2 let Ti = {±1;±(3m + 1);±(6m + 1);±3(im + 1)}; i = 0; 1; 2. Then the
circulant Cir (9m;T0) is isomorphic to Cir (9m;Ti) if 3 does not divide im + 1. We
may extend his idea to provide counter-examples to the MAdMam-like conjecture for cyclic
Haar graphs. If m is even, the above two graphs are bipartite and, by Theorem 4.7, we
have that Cir (9m;Ti) is isomorphic to Dih (9m=2; ∅; (Ti−1)=2)=H (Z9m=2; (Ti−1)=2):
For instance, for m = 4 and i = 0; 1 we get H (137 331) = H (Z18; (T0 − 1)=2) and
H (143 559) = H (Z18; (T1 − 1)=2). In other words, cyclic equivalence is a re3nement
of Haar equivalence among positive integers with in3nitely many distinct equivalence
classes.
5. Cycles in cyclic Haar graphs
Note that Corollary 3.3 does not ensure the existence of Hamilton cycle in the
Watkins graph H (536 870 930). However, Alspach and Zhang [2] proved that every
cubic Cayley graph of a dihedral group is hamiltonian. Compare also [1]. This result
covers also cubic Haar graphs and can be restated as follows.
Proposition 5.1. Cubic connected cyclic Haar graphs are hamiltonian.
Unfortunately for the valency greater than 3 the status of the hamiltonicity problem
remains the same as for the general Cayley graphs of dihedral groups.
It makes sense to introduce the notion of the irredundant and redundant numbers.
Natural number n is redundant if the generating set for the Cayley graph H (n) is
redundant. Let n′ be the number obtained from n by replacing a single ‘1’ in the
binary representation of n by a ‘0’. Clearly n is redundant if some n′ is connected.
It seems that (connected) irredundant Haar graphs are quite rare. There are none for
valency 1. All even cycles are irredundant graphs of valency 2. For valency 3 we get
the series of Powers [7], started by the Watkins graph.
Cubic connected Haar graphs are of special interest. They are certainly the 3rst
non-trivial case of Haar graphs and they also have some very nice properties.
Proposition 5.2 (Alspach, Zhang [2], Powers [16]). Each cubic cyclic Haar graph ad-
mits an embedding into torus with hexagonal faces in such a way that the resulting
map is regular of type {6; 3}.
In [13] the intersection of the classes of Haar graphs and generalized Petersen graphs
is determined. The de3nition of the generalized Petersen graph may be found for
instance in [8]. For a positive integer n¿ 3 and 16 r ¡n=2, the generalized Petersen
graph G(n; r) has vertex set {u0; u1; : : : ; un−1; v0; v1; : : : ; vn−1} and edges of the form
uivi; ui; ui+1; vivi+r ; i ∈ {0; 1; : : : ; n− 1} with the arithmetic modulo n.
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Proposition 5.3 (Maru&si&c, Pisanski [13]). G(8; 3) is the only generalized Petersen
graph except for the trivial examples G(n; 1); n ¿ 3; that is a Cayley graph of
a dihedral group. In particular; the only Haar graphs that are generalized Petersen
graphs are even prisms and the M6obius–Kantor graph: G(2m; 1) =H (22m−1 + 3) and
G(8; 3) = H (133).
We end this paper with the following result which classi3es connected cyclic Haar
graphs in terms of their girth. The proof is straightforward and is omitted.
Proposition 5.4. Let X = H (n) be a connected cyclic Haar graph. Then one of the
following is true.
(i) n= 1 and X ∼= K2 has in?nite girth;
(ii) n= 2k−1 + 1 and X ∼= C2k has girth 2k;
(iii) X has valency greater than 2 and girth 4 which occurs if and only if there are
a; b; c; d ∈ B(n) such that {a; b} ∩ {c; d}= ∅ and a+ b= c + d.
(iv) X has valency greater than 2 and girth 6 which occurs if and only if whenever
we have a; b; c; d ∈ B(n) such that a+ b= c + d then {a; b}= {c; d}.
This result has interpretation in terms of con3gurations. For the terms used in the
following corollary, see for instance [3,6,9].
Corollary 5.5. (i) The cyclic Haar graphs of girth 6 correspond precisely to the
so-called Levi graphs of cyclic con?gurations.
(ii) Each cyclic con?guration is symmetric and point- and line-transitive.
(iii) There are no triangle-free cyclic con?gurations.
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